Purpose: Intraoperative localization of target and normal anatomy can be achieved through multi-modality deformable image registration to resolve planning data (e.g., tumor boundaries and adjacent vital structures) defined in preoperative MR in up-to-date intraoperative CT. We propose a new symmetric diffeomorphic deformable registration method to align preoperative MR to intraoperative CT using a modality-independent neighborhood descriptor (MIND) for imageguided spine intervention. Method: The method estimates symmetric time-dependent diffeomorphisms with smoothness priors on both the velocity fields and the diffeomorphisms using a Demons framework. Analysis of energy formulation (asymmetry vs symmetry), similarity metrics (L 2 vs Huber norms), and optimization techniques (a gradient descent method (GD), a Gauss-Newton method (GN) with an explicit matrix inversion (EMI), and GN with the Sherman-Morrison formula (SMF)) was performed in simulation, and performance was measured in terms of target registration error (TRE), properties of diffeomorphisms, and computational efficiency. Result: MIND Demons with the symmetric energy functional and the Huber metric yielded topology-preserving and invertible deformations with nonzero-positive Jacobian determinants, sub-voxel invertibility errors (<0.01 mm), and ability to resolve large deformation with TRE = 1.8 mm compared to 6.2 mm for an asymmetric method with L 2 , 4.9 mm for the asymmetric method with Huber, and 2.9 mm for the symmetric method with L 2 . MIND Demons using GN+SMF yielded TRE comparable to its variant using GD and GN+EMI but improved convergence and computation time. Conclusions: A promising method for MR-to-CT image registration has been developed, incorporating the symmetric energy functional and the robust Huber metric for a stable and reliable estimate of symmetric diffeomorphisms, and GN with SMF for computational efficiency. The approach yielded viscoelastic deformations with registration accuracy potentially suitable for high-precision image-guided interventions.
INTRODUCTION
Spinal disorders are the main cause of disability limiting locomotion, daily activities, and ability to work. 1 They cover a broad spectrum of pathologies, such as spinal injury in 25% of trauma patients, 2 spine metastases identified in 10% of patients with cancer, 3 and scoliosis presenting in 2-32% of adults and 68% of elderly patients. 4 Such spinal diseases are treatable by surgery; however, the complexity of spinal structure and function can challenge safe and accurate intervention. Image-guided spine surgery has been shown to improve surgical accuracy and outcomes in pedicle screw placement, 5, 6 correction of spinal deformities, 5, 6 trauma surgery, 7 percutaneous vertebroplasty, 8 and resection of tumors. 9 In such procedures, preoperative MR images often provide the basis for definition of target anatomy (e.g., vertebral levels and tumors) and critical structures (e.g., nervous and vascular systems), and localization in intraoperative CT requires multimodality registration capable of resolving significant deformation (e.g., supine MR to prone, kyphosed intraoperative CT). We propose a new symmetric diffeomorphic deformable registration method called MIND Demons, which estimates a pair of time-dependent diffeomorphisms as in the SyN 10 approach using a Demons-like optimization framework 11 under constraints on geodesics, invertibility, and smoothness of the diffeomorphisms. The method demonstrates several advances, including: i) a single energy functional that incorporates constraints on smoothness of both the velocity fields and the incremental diffeomorphisms; ii) imposition of a geodesic length constraint (GLC) satisfying an inverse condition (i.e., the estimated diffeomorphisms are inverse of each other); iii) a soft constraint on the conservation of momentum in Lagrangian coordinates 12 which allows simple and efficient optimization of the diffeomorphisms; iv) use of modality-independent neighborhood descriptors (MIND) 13 and a robust and smooth Huber metric 14 for non-linear MR-CT image intensity non-correspondence; v) a Gauss-Newton (GN) method for fast convergence; 15 and vi) estimation of diffeomorphic deformations without relying on the exponential map of stationary velocity fields as in conventional diffeomorphic Demons. 11 The registration method is described in Section 2. The figures of merit used to evaluate registration performance are given in Section 3. Analysis of distinct energy formulation, similarity metrics, and optimization techniques in simulation is described in Sections 4 and 5. A discussion on advantages and limitations as well as future work is provided in Section 6.
MIND DEMONS REGISTRATION

Notation and Basic Derivation
Given a moving image I0 and a fixed image I1 defined in Ω ⊂ ℝ ( =2 or 3), registration seeks diffeomorphic maps : Ω × ∈ [0,1] → Ω that yields 0 ∘ ( , 0) = 1 ( ). Since a group of diffeomorphisms are closed under composition, we have ( , 0) = 0 ( 1 −1 ( , 0.5), 0) (Fig. (1) ), where a diffeomorphism ( , ) is a flow of time-varying velocity fields:
( , ) = ( , 0.5 − (−1) )
where ∈ [0,0.5] denotes elapsed time, = (0.5 − (−1) ) ∈ [0,1] denotes a time point, and
is a velocity field in a Sobolev space V. 16 The diffeomorphisms and velocity fields are defined with respect to the Lagrangian frame of a virtual image I0.5 domain defined at time 0.5 such that (0.5) = and (0.5) = . The diffeomorphisms ( ) push the Lagrangian frame (defined at time 0.5) forward to time t. As shown in Fig.1 , 0 ( , 0) maps a point x defined at time 0.5 to a point defined at time 0, and 1 ( , 1) maps x to a point defined at time 1, implying 0 ∘ ( , 0) = 0.5 ( ) = 1 ∘ 1 ( , 1). For brevity, the time arguments are dropped for the diffeomorphisms at the endpoints as ( ) = ( , ). , where the differential operator = ( − 2 ∇ 2 ) for ∈ ℝ defines a norm on V as ‖ ( )‖ = ‖ ( )‖ 2 . 16, 17 The energy minimizing path is the optimal geodesic 12 of and the geodesic shortest length -measured using the left-invariance metric (i.e., inverse invariance) 18 is defined in terms of the minimizing energy as:
with a boundary ( , 0.5) = and 0 ( ) = and 1 ( ) = .
A fundamental principle of mechanics states that the Lagrangian (measurement-based) momentum ( ) = ( ) is constant over time along optimal geodesics (i.e., energy minimizing paths) in the absence of external forces. 12 Since and are defined in the Lagrangian frame, we have ( ) = ( ) = (0.5), and since the energy of the flow can be computed in terms of as ( ) = ∫ ‖ (0.5 − (−1) )‖ 2 2 0.5 0 , 12 we can impose a soft constraint on the conservation of momentum by using a time step ∆ = 0.5. In this work, we use ∆ = 0.5 to impose such a constraint and to reduce computational complexity. ) and their associated timedependent velocity fields.
MIND Demons
The method merges the SyN 10 approach to the Demons 11 approach by optimizing a pair of time-dependent diffeomorphisms for ∈ {0,1} that yields = 0 ∘ 1 −1 under constraint on the smoothness of in an alternating optimization enabled through introduction of intermediate diffeomorphisms . The alternating optimization separates maximization of image alignment from imposition of a smoothness prior, simplifies the optimization process, allows estimation of various deformation models (e.g., fluid, elastic, and viscoelastic models), and could allow simple integration of additional prior information (e.g., a rigidity constraint on vertebral bodies 19 ); however, it could yield a local optimum that is different from the true optimum of the energy functional and could increase overall computation time from alternating steps in each iteration. The optimization is performed in the Lagrangian frame using Lagrangian push-forward (i.e, diffeomorphisms at each time point are defined with respect to the Lagrangian frame at time 0.5) with the time step of ∆ =0.5 to impose a soft constraint on the conservation of momentum and to bypass Jacobian change of variables. 10, 16 The optimization is described in this section, and the similarity metric as well as the image representation used in this work are described in the next section.
(a) Constrained Energy Functional
We constrain the estimated deformations to be invertible and smooth using an invertibility constraint ∘ −1 = and minimization of their harmonic energy, respectively. The deformations are, additionally, subject to GLC ( 0 ( ), 1 ( , 0.5)) = ( 1 ( ), 1 ( , 0.5)) which yields a GLC relation = −1 for ≠ ∈ {0,1} from the inverse invariance property of the geodesic shortest length 18 and the uniqueness of the ordinary differential equation ( , ) = ( ( , ), ) with initial condition ( , 0.5) = . 20 For a given similarity metric and image representation, ( 0 , 1 , ), we use this GLC relation = −1 in the energy functional as:
where , , and control regularization strengths, and = ∘ ( + ) for ∆ =0. Inexact Image Matching using a Gauss-Newton Method. In the first step, given an estimate of −1 , we seek for ≠ ∈ {0,1} that maximizes alignment of I0 and I1. The optimization of is equivalent to minimization of an energy functional defined in terms of (i.e., is a function of ) as measures similarity between 0 ∘ 0 and 1 ∘ 1 in the Lagrangian frame, and the second term measures the energy of the diffeomorphisms. We optimize the functional (4) using GN that uses approximations to both first and second-order derivatives of (4) and can generally achieve convergence in fewer iterations than a method using only a first derivative. 15 As in the classic Demons method, 11 we use the Sherman-Morrison formula (SMF) to compute inverse of the secondorder term in GN, resulting in:
where ∇ is the gradient of with respect to , ( ) = 1 ( ) ⁄ penalizes local noise, and provides a constraint ‖ ( )‖ 2 ≤ 1 2 ⁄ . 21 Equation (5) is similar to the force equations used in previous work 11 . We can retrieve a velocity field from a momentum field using a Green kernel for as = = , 12 and we approximate for with = 1 by a Gaussian kernel with width . 10 The intermediate diffeomorphisms are updated using (5) and under GLC as:
where * is a convolution operator and k is an iteration number. After both intermediate diffeomorphisms are estimated, the method continues to the second step.
Tikhonov Regularization. The diffeomorphisms are regularized under smoothness and invertibility constraints by minimizing the energy functional consisting of the last two terms in (3) as
where ( −1 , ) 2 = inf{‖ ‖ 2 2 } = inf {‖ ( −1 − )‖ 2 2 } from ∆ = 0.5 and = −1 ∘ ( + ). By omitting the invertibility constraint, (7) can be optimized using Tikhonov regularization 22 which leads to a partial differential equation: 
Modality Independent Neighborhood Descriptor (MIND)
A MIND descriptor 13 is capable of capturing local, intensity-invariant structures and is used in this work to provide a consistent image representation for MR and CT. It is constructed using a non-local mean operator 24, 25 similar to a selfsimilarity descriptor, 26 and its calculation involves the neighborhood of each voxel. The configuration of such a neighborhood can be varied and is called a stencil . 13 A MIND descriptor, ( ) = [ , ( )] (for = 1 − | |), for a voxel x in an image I is a vector whose element is:
where c is a normalization factor for intensity invariance, ∈ is a neighboring voxel, ( , , ) measures the distance between a patch of x and that of as a sum of Gaussian-weighted square difference, and V(I, x) estimates local variance at .
Huber Distance Metric
A robust metric (e.g., the L 1 norm) offers insensitivity to noise and outliers and can be used to improve reliability of estimated deformations. The Huber metric 14 combines the robustness of L 1 with desirable differentiability of L 2 and was applied in this work as:
where ∘ are MIND descriptors of ∘ and are computed on images after transformation (i.e., ∘ ≠ ∘ ), ( ) = 0 ∘ 0 , − 1 ∘ 1 , , and is the threshold between the quadratic and linear parts.
MIND Demons Registration Method
To improve robustness against local optima, the optimization in Section 2.2 was performed with a multiresolution strategy. As shown in Fig. 2 , an image pyramid (defining coarse-to-fine evolution in each pyramid level) is constructed only for the virtual image I0.5 since the method uses to push the Lagrangian frame of the I0.5 domain to the domain of Ii. In each optimization iteration, MIND descriptors are recomputed since they are deformation variant. The registration parameters of MIND Demons include the in-patch weighting kernel width ( ), in-patch weighting truncation error ( ), Huber threshold ( ), Demons update-field smoothing-kernel width ( ), and Demons displacement-field smoothingkernel width ( ). 
REGISTRATION PERFORMANCE
Registration performance was quantified in terms of geometric accuracy [target registration error (TRE)] and diffeomorphic properties of the estimated deformations [invertibility (ℐ) and preservation of topology].
Target Registration Error (TRE)
Geometric accuracy of registration was measured in terms of TRE -the distance between corresponding anatomical points in I1 and I0 after registration: TRE( 0 , 1 ; ) = ‖ 0 − ( 1 )‖ 2 (11) where denotes an unambiguous anatomical point ("target") in Ii, and is the estimated deformation.
Invertibility (ℐ)
One characteristic of diffeomorphisms is their invertibility, which can be verified in terms of the residual:
where is a point in I0, is a point in I1, is a diffeomorphism, and −1 is its inverse. The residual ℐ is equal to 0 for invertible or singular transformations.
Minimum of Jacobian Determinant ( )
The preservation of topology and lack of folding / tearing 27 in a given deformation can be characterized in terms of its Jacobian determinant, J( ) = det( ( )) where are spatial Jacobians of , and det(⋅) denotes a matrix determinant. A deformation is nonsingular if J ≠ 0 and preserves topology if J > 0 (i.e., local reflection occurs for J < 0, which could lead to self-intersection). To quantify invertibility and preservation of orientation as well as topology, we measure the minimum value of J within a sliding window Ω as
where the size of the sliding window Ω is set to 11 n voxels (for n = 2 or 3 for 2D and 3D, respectively). 
EXPERIMENTAL METHODS
MIND Demons variants were developed using: (i) an asymmetric energy formulation (in comparison to a symmetric one); (ii) the L 2 norm as a similarity metric (in comparison to the Huber norm); and (iii) different optimization techniques including a gradient descent (GD) optimization and GN with an explicit matrix inversion (compared to GN with SMF). The registration performance of MIND Demons was compared to its variants in simulation using the nominal parameter settings with = 0.5 mm, = 0.1, = 5×10 -3 , = 5 pixels, and = 1 pixel. All the registration methods were initialized using a rigid transformation (estimated using a normalized mutual information rigid registration method), following which the TRE was 13.0 ± 5.1 mm with a maximum TRE of 31 mm. Figures 3(a-b) depict a simulated T2-weighted MR moving image (I0) and a CT fixed image (I1) (1500×1500 pixels, 0.25 mm 2 ). Each 2D simulated image contains 5 simulated (rigid) vertebrae within (deformable) soft-tissue surroundings. The scoliotic curvature in I0 (Fig. 3(a) ) was generated from a radial basis interpolation of a rigid motion 28 associated with each vertebrae in I1. The MR pixel value was computed using T2 and proton density of tissue for a spin-echo pulse sequence with a constant main magnetic field at 1.5 T. 29 As shown in Fig. 3 , 31 target points were defined in each image at the corners of the vertebrae, the centroid of the tumors, and the unambiguous points in soft-tissue for TRE measurement. 
Formation of Simulated Images
Analysis of Energy Formulation and Similarity Metric
The performance of MIND Demons using the symmetric energy formulation (3) and the Huber metric (10) was compared to its variants implemented using a combination of an asymmetric energy functional:
and/or the L 2 norm of MIND descriptors,
where for asymmetric formulation 0 = and 1 = . Therefore, the three variants included: (i) asymmetric functional (14) 
Analysis of Optimization Techniques
The symmetric variants of MIND Demons were implemented using GD and GN with an explicit matrix inversion (EMI) instead of GN with SMF. For GD, in (5) is modified to ( ) = ( )∇ ( ) (16) where is the Huber metric, while for GN with EMI, is
where is an × identity matrix, ∇ is an × | | matrix of the Huber metric gradient with respect to . EMI is used to compute ℋ −1 . The performance of the MIND Demons variants were compared to MIND Demons using the nominal parameter settings and the five-level image pyramid similar to that used in Section 4.2.
RESULTS
Analysis of Energy Formulation and Similarity Metric
Results from analysis of energy formulation and similarity metrics are summarized in Figs. 4 and 5. As shown in Fig.  4(c) , all the variants of MIND Demons could preserve topology and local orientation except L 2 Asym, whose min = -0.004; such poor performance of L 2 Asym compared to Huber Asym was due to sensitivity of L 2 to noise and outliers. Aside from improvement in (Fig. 4(c) ), the Huber metric yielded improved ℐ with ℐ = 0.8 ± 0.5 μm for Huber Sym compared to ℐ = 1.4 ± 0.5 μm for L 2 Sym (Fig. 4(b) ). Figures 4(a) and 5 summarize the registration accuracy for each variant. The asymmetric methods could not resolve large deformation especially in regions of the most superior and inferior vertebrae (Figs. 5(a,b) ). 
Analysis of Optimization Techniques
Figures 6 and 7 summarize performance of each optimization techniques for MIND Demons. All the methods yielded smooth, topology-preserving deformations with smooth inverses (Figs. 6(b,c) and 7) . The registration accuracy of each optimization technique is summarized in Figs. 6(a) and 7. Both GD and GN+EMI yielded comparable registration accuracy to MIND Demons with no statistical significance in difference in the measured mean TRE, although GN+EMI demonstrated improved robustness against local optima from improved alignment of soft-tissue (Fig. 7(b) ). GD obtained TRE = 0.5 ± 0.8 mm with p-value = 0.29 and GN+EMI achieved TRE= 0.5 ± 0.5 mm with p-value = 0.79, compared to TRE = 0.6 ± 0.7 mm of MIND Demons. Nonetheless, MIND Demons completed registration faster and with fewer iterations. The number of iterations for MIND Demons was 198 compared to 251 for GD and 237 for GN+EMI, and the runtime for MIND Demons was 12 mins compared to 16 mins for GD and 14 mins for GN+EMI. 
DISCUSSION AND CONCLUSION
A deformable registration method estimating symmetric diffeomorphisms has been developed that incorporates forward and backward deformations, smoothness priors on velocity fields and diffeomorphisms, MIND descriptors and the Huber metric for MR-to-CT registration, and the Gauss-Newton optimization. The symmetric energy formulation and the robust Huber metric improved ill-posedness of registration and reliability of the estimated deformations. By decomposing the resulting deformation to two diffeomorphisms, the symmetric method constrained the solution space to the space of deformations that is close under composition, improving uniqueness of the estimated deformation and increasing ability to resolve large deformation. On the other hand, the Huber metric, which is robust against noise and outliers, improved stability and reliability of the estimated deformation. Use of the Gauss-Newton method and the ShermanMorrison formula in maximization of image alignment improved computational efficiency while maintaining registration accuracy (TRE ~ 1-2 mm) within the range required for spinal intervention. 30, 31 Future work includes application to clinical data and CBCT images, implementation on GPU, and sensitivity analysis to intensity distortion and noise.
